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JIj1s1 9epHBIX JIENTOHOB, BETHBIX (CHHUX, YKEJITHIX, KPAC-
HBIX) KBAPKUHO M YEPHBIX JIEITHHO — MMIIOTETUIECKUX (DyH-
JAMEHTAJIbHBIX YaCTHUII, BBEJICHHBIX B IIpeblayieil Jlekimu,
— IOJIy4YeHbl YPABHEHUS PEJIATHBUCTCKON KBAHTOBOU MEXaHU-
ku. [Ipm mepexosie K cTaHZAPTHOMY IIPEJICTABJIEHUIO OKa3a-
JIOCh, YTO YepPHBIE JIENTOHBI U CUHNE KBADKWHO IIPEJICTaBJIEHBI
JBYXKOMIIOHEHTHBIMU JACTHUIIAMU BEPXHETO ¥ HUXKHETO YPOB-
Hell. YepHble JIENTHHO, »KEJIThle ¥ KPACHbIE KBAPKUHO IIPE/I-
CTaBJIEHBI KaXK/I0€ YeThIPEXKOMIIOHEHTHOI JacTHIlEeN.

I. BBEAEHUE

B cBoeit kiraccudukaun GyHIaMEHTAJIbHBIX YACTHI]
MbI ommpaJsuch Ha muarpammbl FOwra. Ceitgac TpyHO
cKa3aTh HACKOJIBKO HaJleKHa 3Ta ormopa. Ho Tak Kak 1mo-
K& HUYEro JPYyroro y HaC HET, TO OyJeM I0JIb30BATHCS
TeM, uro ectb. Obpaienue K guarpammam HOHra ykasa-
JIO Ha, CYIIECTBOBAHUE IIE€JIOTO Psi/ia TUIIOTETUIECKUX da-
CTHIL

e Jlenrroros BTOporo poma*. Ilpm aTom m3BecTHBIE
JIEIITOHBI 00O3HAYEHBI KaK JIEITOHBI 0€4020 IBETA.
A runorerudecKre JIEITOHLI BTOPOrO Poaa 0003Ha-
YEHBI KaK JIETITOHBI 4epH020 TBETA.

[ KBapKI/IHO — YJaCTHUIbI CyIIEpCUMMETPUYIHBIC KBap-
KaM. DTu YJaCTUILbI, TAK?KE KaK U KBAPKH, ABJIAIOT-
Cs TPEXIBETHBIMHU.

e JlemTnHO — YACTHIBI CYyNIEPCUMMETPUYHBIE JIETITO-
mam. llo mameMmy mpeaIoIOKEeHUIO 3TH IACTHUILHI,
TaK2>Ke KaK U JICITOHDI, ABJIAIOTCS JBYXIIBETHBIMU.

SHast ajrebpy KaxKJIoil 13 yKa3aHHbBIX YaCTHUIl, Mbl TMe-
€M BO3MOXKHOCTbH 3allICaTh YPaBHCHUA KBAHTOBOU Mexa-
HUKW JIJIsI 9TUX Y9aCTHUIl. A Ha OCHOBAHUU aHAJIU3a YPaB-
HEHUI, KOTOPBIM IOJYUHAIOTCA TUIIOTETUYEeCKNe JacCTh-
IbI, MBI, BO3MOXKHO, CO BpE€MEHEM OTBETUM Ha BOIIPOC:

*B ¢BsI3U ¢ rUMOTE30l BTOPOrO POJA JIEITOHOB, HAIIPUMED
BTOPOT'O 3JIEKTPOHA, MHTEPECHO cJieayloriee 3amedanue JIx.
Jx. Tomcona. "...y HAC HET JOKA3aTEJLCTB TOrO, YTO, IO-
NOGHO Pa3JIMYHBIM POJAM ATOMOB CYIIECTBYIOT U Pa3JIMYHbBIE
Tunbl 3eKTpoHoB. Ho BO3MOXKHO, UTO Hapsmy ¢ HaOIOIae-
MBIM THUIIOM 3JIEKTPOHOB UMEIOTCs U JIPYIUe, 3HAYNTEJHbHO Me-
Hee yCTOWYMBBIE W TMOTOMY TOYTH COBCeM He HabJrromaemeble."
(YOH, 1928, 1. 8, BbmI. 5, c. 571)

KAKOBBI CBONCTBA TMIIOTETHIECKAX YACTHUIL B OTJIMIHAE OT
M3BECTHBIX. Hampumep, 9eM UepHble JIEITOHBI OTINYa-
FOTCsI OT U3BECTHBIX OEJIbIX JIEIITOHOB U TaK JaJiee.

[TosTomy B Hacrosimeit Jlekun Mbr paccMoTpuM ajred-
PBI THIOTETHYIECKNX (DYyHIAMEHTAIbHBIX JACTUIL U 3aIU-
IIeM YpaBHEHUsS PEISITUBUCTCKON KBAHTOBOM MEXaHUKM
JIJISE 9TUX YACTHUIL B CBOOOIHOM COCTOSTHIIH.

[IpenBapureibHO HAIIOMHUM, YTO, COrJIAcHO Jlekirmm
1, ecm meiicTBHE HEKOTOPOTO OODBEKTA SIBJIACTCSA AJITred-
poit, TO TaKOMY 0OBEKTY IPUCYIINA KBAHTOBBIE SIBJICHUSI, &
YPaBHEHUSsI CTPYKTYPBI 3TOM aJirebpbl MOYXKHO PACCMaTPU-
BAaTh KAaK KBAHTOBBIE ITOCTY/IATHI. KBAHTOBBIE ITOCTY/IATHI
JI7IsT TIPOM3BOILHON aareOphl IeCTBUSA ObLIN 3aINCAHB
CJIEIYIONIIM 00Pa30M

L

g Clgr-phy - (1)
0

ot =
3necs 0y — oneparop auddepeHnupoBaHusg 10 0600-
MenHoit KoopauHate, ply; — KOOpAHHATH 0606IIEHHOrO
mmirynbea, O — CTpyKTypHBIE HOCTOSHHBIE are6phI
JeiicrBusi, Sy — JelicTBUTE/IbHAsI [TOCTOSTHHASI BEJIMYUN-
Ha, UMEIOIIAasi PA3MEPHOCTD NEHCTBUs. B mocjemyonmx
Jlekmusix mbl BBen asrebpy Kanddopna kak aaredpy
JeiicTBUS U CBs3aJin ee ¢ jenrtonamu. Ilpum srom mocro-
SIHHYIO BEJIMYMHY Sy MbI OTOXKJIECTBUJIA C IIOCTOSTHHOM
IInanka. Eciau ObI HaAM yHajoch HAUTH HECKOJIBKO aJl-
rebp AeficTBUsA, TO MBI UMEIU ObI HECKOJIBKO OOBEKTOB,
[TOTYUHATONINXCS KBAHTOBBIM $IBJIEHUSIM PA3HOI'O THUIIA.
Teneps MBI BBEJIM HOBBINI OOBEKT — I'HIIOTETUYECKYTO
JaCTUILy, KOTOPOI MBI COIOCTABUM CBOIO ajredpy Jeii-
cTBUs U ajrebpy mpocrpaHcTBa-Bpemenu. U cormacno
[IPEIBIIYINEMY 3Ta YaCTUIA [TOTINHAETCS CBOEil KBAHTO-
Boit Teopun. YpasHeHus: (1) OyJyT KBAHTOBBIMH IIOCTY-
JlaTaMu JIJIsi TUIIOTETUIEeCKON YACTUIIBI, €CJIM B HUX IIO-
70xKuTh nocrogunble Clg; paBHBIME CTPYKTYPHBIM IO-
CTOSIHHBIM aJIreOphbl 3TOH YaCTHUIbl U YCTAHOBUTH 3HAYE-
wue Sy. Ilpu 3TOM BO3HHMKAeT BOIPOC: HYKHO JIU CBsi-
3bIBATH MTOCTOSTHHYTO [l71aHKa TOJIBKO C JIENTOHAMU U CO-
oTBeTCTBEHHO ¢ ajrebpoit Kimddopaa, a qas anredpwr
TUIOTETUYECKOM JaCTUIIBI BBOAUTH JAPYI'yIO IIOCTOAHHYIO
C Pa3MepHOCTBIO JefICTBUsI, I TIOCTOsiHHAs | [1aHKa sTB-
JISIeTCsT YHUBEPCAJbHOM? A priori oTBeTUTH Ha 3TOT BO-
poc Heab3sd. [loaTtomy masiee OyaeM mojaraTh, 9TO 3Ha-
geHne (pU3MIECKON IMOCTOSIHHOM S Pa3IndIHO JJIs KayK-
JIOTO W3 BUJOB YACTHI] — JIEIITOHOB, KBAPKOB, KBAPKWHO
u nenrtuHo. [ls jgenTonoB Sy 910 mocrosinnas Ilramka
h. 1js1 KBAPKOB MBI BBEJIN CBOIO MIOCTOSHHYIO JIEHCTBUS,
3HAYEHUE KOTOPOIl IIPEJICTOUT YCTAHOBUTH, 1 OO03HAMIIIN
ee uepe3 ¢. st jenTuHO MBI BBEJIM CBOIO ITOCTOSTHHYTO
JeiicTBrAdA, 3Ha4YeHUue KOTOPOH NMPEICTOUT yCTAHOBUTH, U
obozHaumm ee depe3 . s KBAPKUHO TaK»Ke BBEJIEM



CBOIO NIOCTOAHHYIO JIEHCTBUA, 3HAYEHHE KOTOPOU IIpend-
CTOUT yCTAHOBUTH, N 0DO3HAYUM €€ Uepe3 p.

Amnajiornuno Pazneny 11 Jlekiuu 9 npumamm cOOTHO-
mrernio (1) dopmy ypasuenus Jupaka. st 9T0ro yMHoO-
JKUM ero obe JacTy Ha CTPyKTypHbIe nocroguubie CM N |
TToyanm

CMNL A (9M¢L($) — Si C«JWNL X CLKI 'pIM . wK ) (2)
0

C HaImeif TOYKN 3pEHUsT ITO yPABHEHUE U €CTh ypaB-
HEHIE PEeJIITUBUCTCKON KBAHTOBON MeXaHUKU it pyH-
JIAMEHTAJIbHOM YacTHUIBl B caMoM obreM Buie. Jlasee,
noBTOpsAA paccyxkaennd Pazmena II Jlekmun 9, 3amumem
9TO ypaBHEHUE IPU CJICAYIONIX OTPAHNICHUIX: Tudde-
PEHIINPOBAHNE BBIIOJIHAETCS TOJIBKO 110 KOOPJIUHATAM 00~
Pa3yIOIIEro IPOCTPAHCTBA U YCJIOBUH, UYTO B IIEPBOM C2Ka-
TOM TIpE/ICTaBIeHNN KOIDMUINEHT IPU BOJHOBOH DyHK-
A7 B IPABON YACTH IIPUHUMAET BU/T

31ech my ecTh Macca HIXKHeH JacTuibl. B pesysbrare
MOJIYIUM CJIeJIyIOIIee YpaBHEHUE

C™NL - O™ () = Sio (CPo P’ + Clrsa p™) - ™ .
®3)
IIpu sTOM mMeeT mecTo ycaoBue *
P’ + 0%y = —mgc. (4)

0 34
Pazobbem Bemmuuny mg ¢ MKy UMITyJICAME D~ U P
B HEKOTOpOU nponopruu. st 3Toro mogoxum

POOZ_%OM P34o:—%
U3 (4) umeem
a+pB=2. (5)
Kpowme Toro, mostoxxkmm
B-a=22u (6)

mgqg

31eck m,, Macca BepxHeil yacTuipl. Ilocse 1moacraHoBKY
UMILYJIbCOB TIOJIyYMM PeJIITUBUCTCKOE ypaBHEHNE KBaH-
TOBOIl MEXaHUKU JJisi CBOOOIHOM (DyHIAMEHTAIHLHON da-
CTHIIBI

mgqgcC

mN _ L _ _ar
C L 87n¢ (.13) 250

(- CNgo+ B CNgsy) - .

(7)

*Cm. Paszpen II Jlekuun 9.

IonsrHo, urto 3mech CVgo = 6V B ommmane ot CNpesy.
Takum obpazom, /s TOro, 9ToObI 3aMnucaTh YpaBHEHHE
KBAHTOBOIl MeXaHWKHM JIJIsi KOHKPETHOH (DyHIaMeHTa b
HOl JaCTHIBI, HEOOXOIUMO 3HATH CJIEIYIOIINE CTPYKTYP-
HbIE MATPUIIHI

AN IN 2N 3N N
Ccp, C7p, Cp, Cp, Clgks
areOpbl 3TON JACTHUIIHI.

Nmes B BUy cKaszaHHOE, IepeieM K ajrebpaM T'UIio-
TETUYECKUX (DYHIAMEHTAJIBHBIX YACTHUI[ U COCTABJIEHUIO

ypaBHeHI/Iﬁ KBaHTOBOU MeXaHUKN JJId 9TUX YaCTHII.

II. YEPHBIE JIEIITOHHI

Ajirebpa 9epHBIX JIEIITOHOB OIpPEIEsSeTCsl JUarpam-
moit FOura

1
12
13

13 nee CJIEAYIOT IIEepeCTaHOBOTHBIE COOTHOIICHUA

12 = —21,
14 =41,

13=-31, 23=-32,
24 = 42, 34 = -43.

Orcroa TpoCTPaHCTBO JeiicTBusl dyepHbIX JjienrToHOB Cp
€CTb MHOXKECTBO BEKTOPOB BHUJIA

P = eo " + e ' + efqy P
ey DY+ epag P 4 g3y 434
“+e[123) PB4 €(124), P2z 4 €(134), Y3
+e[234) s 4 €(1324), p(4231)2
Ecin mpoctpancTBO ¢ 6a3UCHBIMEA BEKTOPaAMU €i,.. iy 060-

suauuth (Cp)P 1o npocrpancrBo asrebpbl KBapkoB Cp
PEJCTABIAET COGOH CyMMY ITPOCTPAHCTB:

Cp=C% + C' 4 (Cp)? + (Cp)? + (Ty)*.

Hanee, Kak u mpexk;ie, Oa3MCHbIE BEKTOPHI ¢ IT0 OTHOIIIE-
HUIO K ajirebpe JIeTOHOB OyileM 0003HAYATh &.

1. iab-ipeacraBienue anreGpbl 4epHbIX JienTOHOB Cy

tab-ipeicTaB/IeHIE OCHOBAHO HA CJIEYIOIMIEM PA3JIOXKe-
HUU BEKTOpa:

P =e130 (£21 0% + £0 ") + €9 0 (621 ' + 0 °) +
140 (€21 ¥ + g0 M) + 340 (E21 P + 50 ) +
90 (e ¥' + 0 9p?) + E123 0 (€21 ¥° + 20 ™) +
€234 0 (€21 Y™ + €0 ™) + €124 0 (e Y + 20 ¥'?) .

OTO MpeJCTaB/IEHHE COOTBETCTBYET 3AIIUCU AJIreOpbI
Cy4 B Buze npoussenenus Cz x Cy (30ech HUKHUI UHJIEKC



€CThb Pa3MEPHOCTH 00PAa3yIOIIero IpOCTPanCcTBa). Basuc-
HbIMU BekTOpamu ajrebpbl Cs saBistioTcst

€13, €0, €14, €34, &2, €123, €234, E124;

6aSI/ICHI)IMI/I BEeKTOpaMu anre6pb1 (Cl ABJIAIOTCA
€21, €o0-

Kak u mpexie mocraBuM B COOTBETCTBHE OA3UCHOMY BEK-
TOpy €21 anrebpor C; MHUMYyIO eqwHUITY, a Oa3UCHOMY
BEKTODY £¢ AeHCTBUTEIbHYIO eUHUILY. B pe3ysbrare mo-
JiyauM BekTop asirebpbl Cy4 B {ab-mipejicraBjieHUN MMeeT
BUJL

¢ =ergo (i +9'%) +ego (i +¢°) +
€14 0 (Z w42 + w14) + 340 (Z ¢1324 4 w34) +
gz 0 (' + %) + ez 0 (i +¢'%) +
€934 O (iw134 =+ 1p234) + 940 (Z ,(/)4 + ,¢124) .
Takum ob6bpazoMm, B iab-TIpeCTABICHUN KOOPINHATDHI

(KOMIIOHEHTBI) BEKTODPA SBJISAIOTCS KOMIUIEKCHBIME YHC-
Jamu. Beegem mj1st Hux obo3HadeHne

,(/}13 — inQ + wlS , ,(/}O — inl + wO )

¢14 — ’L"(/)42 + ,(/)14 , ¢34 — il/)1324 + 1pl’»4 ,

¢2 — Z‘wl + w2 , ¢123 — i?/JS + ,ll)123 , (8)
¢234 — Z-w134 + ¢234 , ¢124 — iw4 + 1/)124 .

C y49€eToM 9TOro BEKTOpP ’(/} MOZKHO 3alliCaTb

Y =ci39? + e’ + e + ez +
g2 P2 + €123 P17 + 03 PP + e Pt

Orciofia BUIHO, 9TO B 4ab-TIpe/ICTABIEHUN BEKTOD ) IPO-
eIMpYeTCs Ha HAIPABJICHUS

€13, €0, €14, €34, €2, €123, €234, €124

B iab-upencraBieHnn CTPYKTYPHBIE MATPUILI UMEIOT
pasmeprocTb 8 X 8 (cm. Ilpunoxenue k Jlexkuum).

2. [AB-nipeacTaBiieHne ajreopbl YepHBLIX JIEIITOHOB
Co

T AB-npencrasienne anredpsl Cy OCHOBAHO Ha pasJiio-
JKEHNM BEKTOpa.:

3 01% 139 + g0y 132 g Y3 o egy +
ez P! +e13? +en ¥P +e0'??) oo +

Y= (e529™ +e139" + e ¥ +e09?) oo +
(
(
(320" + e13 0™ + ea1 ¥ + 59 ¥"*) 0 €104 .

D10 mnpejcTaBjeHne cooTBercTByer 3amucu ajredbpor Cy
B Buze npoussenenus Co x Co. BasucubiMu BeKTOpaMu
onuoit anrebper Cy sBIIsIIOTCS

€124

€0, €34, €123,

6a3uCHBIME BeKTOpaMu Apyroit aiareoper Cy ABsSIOTCS

€32, €13, €21, €o0-

TTocnemntoro anrebpy Mol HazBaju [ AB-aarebpoit. Jrta
ajrebpa aHaJOrmvHa ajrebpe KBaTepHHOHOB. Jlist Ga-
3UCHBIX eauuull I AB-ajredpbl UCHOJIb3YEM CJIELYIONIIE
obo3HaveHust

a-I, b-1, -1, 1.
3amMeHuM Oa3UCHBIE BEKTOPHI €32, £13, €21, £9 IPUBEICH-
HBIMU TUIEPYUCTIAMA B COOTBETCTBUN

632N0,I,
513Nb17
€21 ~ i1,
60N1]1.

Momayunm BexTop anredbpsr C4 B [ AB-tipeicraBiennn

S

Q

TP b TYB i1 1% 0gg +
'I'l/)42+b'l'(/114+i'ﬂ¢1324+ﬂw34)0534+
TP b T i 1Y+ 19123 0eg93 +
a- T 4+ TP i 1" +19"*) oeqgy.

Q

—~ T~~~
S

Takum obpaszom, B [AB-npeiacraBiieHUN KOODPIUHATHI
(KOMIIOHEHTBI) BEKTODPa fABJISIOTCS TUIepYUCIaMu. Bse-
JeM ISl HuxX obOo3HadYeHne

VO =qaly32 +bI 3 +ily?t +19y°,

\1134 :Cll’(/J42 +bI ,Lp14 +i]1w1324_~_]1w34’
U2 =alyp! +bBY? +ily® 41913,
\11124:aI1/J134+bI w234+i]1¢4 +]].'l/)124.

9)

C y4eroMm 3TOro BEKTOpP 1 MOXKHO 3aIIMCATh
0 34 123 124
w:\I/ €0+\If 534+\If 6123+\I/ €124 -

Orciona BuaHO, 9ro B [ AB-mpeicTaB/ieHUN BEKTOD 1)
[IPOENUPYETCS HA HAIIPABJIEHUL £, €34, £123, £124.

B I AB-npejicraBiieHI# CTPYKTYPHBIE MATPUII UMEIOT
pasmeprocTb 4 X 4 (em. Tpunoxenue k Jleknumu).

3. BasucHble BEKTOPHI U UX IIPOU3BEIeHUS

VkazkeM 6a3UCHBIE BEKTOPHI aaredpbl Y€PHBIX JIEITO-
noB Cp, u mpaBmIa YMHOXKEHUs, KOTOPBIM OHU ITOITIHSI-
IOTCA.

® £y — D6a3UCHBIN BEKTOP CKAJIAPHON YacTU BEKTOPA.
st €9 mMeeT MeCTO TPABUJIO YMHOYKEHUST

EnOC€Epg = E€0-



e OGpazyrolue BEKTOPBI &;, TJe WHJIEKC i mpobera-
er 3HaveHus oT 1 /10 4, ecThb Oa3MCHBIE BEKTOPBI
npocrpancrBa-Bpemern CTO. Yuciio BeKTOpPOB €;
paBHO YeTbIpeM. JIjisi HUX MMEIOT MECTO IPABUIIA
YMHOYKEHUS

E;0E)0 =€E00€E; =¢€;.

€; 0€; =signe;,

rae

signe; = signey = signeg = —signey = € .

BekTopsr
Eik — €L OE&;.

3mech ¢ # k. Yuciao 3TUX BEKTOPOB PAaBHO YHCIIY
CcOYeTaHUil U3 YeThIPEX 3JIEMEHTOB II0 TBa

C?=6.

B coorercrBun ¢ Pasgemom IV Jlekmuu 14 stux
BEKTODPOB BBIIOJIHAIOTCS IIPABUJIa I1€PECTAHOBKU
UHJIEKCOB U, COOTBETCTBEHHO, COMHOXKUTeJNeH (1e-
PeCTaHOBOUHBIE COOTHOIIIEHMST )

€32 = —€&23,

€21 = —€21, €13 = —€31,

€14 = €41, €24 = —E&42, €34 = —E€43.

IIpaBwita ymMHOXKEHUsI, B KOTOPBIX YIaCTBYIOT 3TH
BEKTODBI, CJEAYIOT U3 YCJIOBUA acCCOIUATUBHOCTHU
U TIEPEeCTAaHOBOYHBIX COOTHOIIeHUi. B wactHOCTH,
nMeeM

€21 0€21 = —€op, €42 0842 =€,

€320¢&32 = —¢€p, €140¢€14 = —€0,

€130€13 = —¢o0, €340€34 = €0 -
BekTopsr

Eikl = E10ELOE;.

Snech i # ki # 1,k # 1 . Takum obpazoM, 4ucyo
9TUX BEKTOPOB PABHO YHUCJIY COYETAHUN U3 YeTHIPEX
9JIEMEHTOB 110 TPH

JLTst 9TUX BEKTOPOB BBIMTOJTHSIOTCS ITPABUJIa ITepe-
CTAaHOBKHU HHJIEKCOB M, COOTBETCTBEHHO, COMHOKHU-
TeJiell, BBITEKAIOIINE U3 YCJIOBUS aCCOIMATHBHOCTU
U II€PECTaHOBOYHBIX COOTHOIIEHUMI

€123 = —&€213 = €231 = —E€321 = €312 — —€132,
€124 = —E€214 = —€241 = €421 = —E€412 = —€142,
€134 = —E314 = —E€341 = €431 = —€413 = —€143,
€234 = —E324 = €342 = —E432 = €423 = —E€243 -

s yci10BuA aCCOIMATUBHOCTU U II€PECTAHOBOYIHBIX
COOTHOIIIEHU TaK2Ke cieayer

€123 9 €123 = —¢€o0, €124 © €124 = —€0,
€134 0 €134 = —€0, €234 0€234 = €0 -
e BekTop

€1324 = €1 0E30€E20¢&9.

,ZLJISI 9TOI'O BEKTOPa BBIIIOJHAIOTCA IIpaBUJIa IIepe-
CTaHOBKHU HMHIEKCOB U, COOTBETCTBEHHO, COMHOXKH-
Tenef/i, BbITEKaIOUIe N3 IIePECTaAaHOBOYIHBIX COOTHO-

meHui
€1234 = —E€2134 = €2314 = —E€3214 =
€3124 = —E€1324 = —€1243 = €2143 =
€2413 = —E&4213 = €4123 = €1423 =
€1342 = —E€3142 = —E3412 = £€4312 =
—E4132 = —E€1432 = €2341 = —E€3241 =
€3421 = —E4321 = €4231 = —€2431 -

W3 ycimoBus accormuaTuBHOCTH U IIEPECTAHOBOYHBIX
COOTHOUICHUI TaKzKe CJeayeT

€1324 ©€1324 = €0 -

4. CTpyKTypHbIe MaTPUIbI aJrebpbl YepHBIX
JgentoHos C

Ucnonnzysa Ipunoxenne K Hacrosmeit Jleknuu, npu-
BejieM CTPYKTypHble MaTpulibl ajareoper Cp, HEOOXOIU-
MBbIe JIJId IIOCTPOEHUs yPaBHEHUA PEJIATUBUCTCKON KBaH-
TOBOIl MEXaHUKHU J[JIsI CBOOOIHBIX YEPHBIX JIEIITOHOB.

0 34 123124 0 34 123124
0 - 0
AN _ B IN _ A
C* L =a B e , Cp=i -Al 34
-B 123 A 123
-B 124 A 124
0 34 123124 0 34 123124
- 0 - 0
2N, _ I 3N _ . B
Cp =1 -7l 34 > Cp =1 -B| 34 >
I 123 B 123
I 124 B 124
0 34 123124 0 34 123124
0 1 0
N _ |1 N _
Ck0o=1| ¢ 31, CTksa=1|q 34
1 123 1123
1 | 124 1 124

Janee, UCIONb3ys IPUBEIEHHBIE MATPUIILI, 3AITHIIIEM
YPaBHEHHE PEJIATUBUCTCKOII KBAHTOBOI MEXaHUKH JIJIS
YEPHBIX JIENTOHOB.



5. YpaBHeHUE PeJIITUBUCTCKOI KBAaHTOBOM
MEXaHUKH! IJI1 YEePHBIX JIEIITOHOB

VpaBHeHUE PEIITUBUCTCKON KBAHTOBONW MEXaAHUKMY JIJIsT
CBOOOJIHBIX YEPHBIX JIENITOHOB MOJYYUM, IIOJICTABAB B
ypasuenue (7) BBINIENPUBEICHHBIE CTPYKTYPHbBIE MaTPU-
upl.  Jlyist 1efCTBUTEILHOTO PEryJIsSIpHOTO IpEICTaBIIe-
Husi ajaredpbl depHbIX JenToHOB Cj, KOMIIOHEHTBI BOJI-
nosoit dbynkimu X (z) npejcrasasior coboii mecTHa-
JIIATh eficTBUTENbHBIX DyHKIMA. B iab-npencrasiennn
BOJTHOBasT (DYHKITUSI COJEPYKUT BOCEMb KOMITOHEHT BHJIA
(8). U B I AB-upencraBiieHUN KOMIIOHEHTAME BOJIHOBOI
dyukin siesirorest verbipe I AB-dyukiun suga (9).
TIpuBemem ypaBHeHUsI KBAHTOBON MEXaHUKHU IO OTHOIIIE-
Hrio K [ AB-KOMIIOHEHTaM BOJIHOBOM (DYHKIMM YE€PHBIX
JIETITOHOB:

B -A
a B o, +i A 5+

-7 -B po

_ P34
T B B 83 pl23
I B Pl24

B wo
o \1134

‘1,123
\11124

e
L

Nan

—a B 84\11124 —|—(ZA81 + 162 +1 Bag)\l’123
Mg ¢ 0 34
= U4+ 6.0

—aBO, V' 4 (i A0y + 10y +1iB0s)Wi24

:%(5.@0_,_0[.\1;34),
2h (10)

aB<94‘1/34 —(iA61 —‘r[@g-ﬁ-iB@g)\I/O

IR

aBE)4\I/0 —(iA81+I82+iB83)\I/34

_ HQIdhC (8- 012 1 o P12

6. CrangapTHOe IIpEeACTAaBJIEHUE YDPaBHEHUS
KBaHTOBOIl MeXaHUKHU JJIsI YEPHBIX JIEIITOHOB.

ITpeoGpasyem ypasuenus (10) cuemyromum obpasom.
Crauajia CJIOKUM TIePBOe yPaBHEHHE CO BTOPHIM a TPEThe
¢ 1eTBepThIM. [losyanm

~aBOipa+ (i A0 +1 05+ Bs) o = 255 (a4 B) 1
. . mgqC
aBOypr — (i A0 + 10, +iB %) o1 = 5 (a + ) g2,

rae o) = o + P34 0y = yl23 + Pl24
3areM BbIYTEM M3 YETBEPTOIO TPEThE, a U3 BTOPOrO
YpaBHEHHS IIEpBOE. HOJIy‘{I/IM

aBa4X2+(iA61+I82+iBag)X2Z—(ﬁ—a)xl,

—aBOsx1 — (1AL +102+iB03)x1 = 2—(ﬁ—a)X2,

roe x1 = \1,123 _ \IJ124 Yo = \IIO _ \I/34.
st tenrronoB MBI nostaraeM (cuM. Jlexrguio 9)

a=0pg=1.

TlosTOoMy MOJTyYUM CJIEIYIONINE JIBE CHCTEMbI yPABHEHUIT

mgycC

_a,Ba4<p2+(iA81+182+iB83)(p2: ?9017

aBOypr— (i AD + 10, +iBds) o1 = == oy (13)

aB(94X2+(iA81+182+iB83)X2 =0,
7(1B(94X1*(’L'A81+I(92+Z.B83)X1:O. (14)

IlepBast cmcTemMa OTHOCUTCS K HUZKHEMY YePHOMY JIEITO-
Hy (HampuMmep, 371eKTPoHY). Bropas cucrema oTHOCHTCS
K COOTBETCTBYIOIIEMY BEPXHEMY YepPHOMY JIeNTOHY (Ha-
IprMep, JEKTPOHHOMY HEHTPHUHO) ¢ Maccoii, paBHOIi Hy-
mo. VI3 cpaBHEHUS MOy IeHHBIX YPABHEHUI C AHAJIOT Y-
HBIMU yPABHEHUSMU J|JIsi O€JIBIX JIEITOHOB (CM. (POPMYJIBI
(10), (11) Jlexkuuu 9) cieayer, 9YTO 3TU yPABHEHUST OTJIH-
qaioTca KOod(PPUITHEHTAMI IPH IIPOU3BOAHON IO BpeMe-
nu. Kak ykazaHHOe OTIIMYME OTParkaeTcst Ha JIBUYKEHUH
Pa3HOIBETHLIX JICIITOHOB, JOCTYIIHOM JIJIsd IKCIIEPpUMEH-
TAJBHON POBEPKH, IIPEICTOUT BBLISICHUTD.

III. KBAPKIVHO

IIpocTpamncTBeHHAs YaCTh BOJHOBOI (DYHKIMH KBap-
KUHO OIIpejiesieHa cieyromeil quarpammoii FOHra

2]

W3 mee cirleyioT mepecTaHOBOYHBIE COOTHOINEHUS IIJIst
reOMETPHYECKNX OA3MCHBIX BEKTOPOB aJiredOpbl KBapKU-
HO

12=21, 13=-31, 23=32.

B pesysabrare mpocTpaHCTBEHHAS 9aCTh BOJHOBOM (hyHK-
I KBAPKUHO UMEET BU/I

P = eoh° + eq Y + eqa1y P12 + 13 P 4 e (30 (23 4
+e123), P2



BousmoBast byHKIMS KBADKIMHO MOXKET OBITH IIPEICTAB-
JIEHA C TIOMOIIBIO YeThIPeX KOMIIOHEHT, KarK/ast U3 KOTO-
PBIX siBJIsieTCsl (DYHKITHMEH Ha T [I0JIeM rurepuncesi. basuc-

HBIMU €JUHUIAMY TUIEPYUCET JJIsi KBADKUHO SABJISIOTCS
1-1, a-B, 1-1, a-A.

Jlasiee Ga3ucHbIE BEKTODPHI ¢ II0 OTHOIIEHUIO K aJirebpe
KBapKUHO Oy/ieM 0003HAYATDH .

1. iab-npencraBieHne anre6psl KBapkuHO Q)

tab-pesicTaBIeHTE OCHOBAHO Ha CJIEYIOIIEM PA3JIOXKE-
HUAU BEKTOPA:

¥ = p13 0 (p21 ¥*% + po ') + po o (pa1 ! + po y°) +
p140 (p21 V™ + po ') + psa o (p21 '?** + po ) +
p20 (p21 9" + po¥®) + pi2s o (p21 ¥° + po %) +

p23a 0 (p21 V" + po ) + prag o (pa1 ¥ + po ™).

DTO mpenCcTaBiieHWE COOTBETCTBYET 3AINCH AJITeOpPDI
Qj} B Buge nmpoussenenus Q5 X Q7 (31ech HUKHMI HHIEKC
€CTh Pa3MEPHOCTL 00PA3YIOIEro IIPOCTPAHCTRA). Basuc-
HBIMH BeKTOpamu ajredops! Qs sBisiorcs

P13, Po, P14, P34, P2,P123, P234, P1245

6a3uCHBIME BeKTOpamMu ajrebpol Q) sBisroTcst

P21, pPo-

TTocraBum B cooTBeTCTBIE DA3UCHOMY BEKTOPY P21 AJIred-
pet Q] a emuawITy, a 6a3MCHOMY BEKTODY po JTEHCTBATEb-
HYIO eJMHUIly. B pe3ysbrare MoyduM BEKTOP ajareopbl
Q} B iab-nipesicTABIEHAN UMEET BH/L

¢ = p13 0 (aw?)? +1/)13)+P0° (anI _'_wO)_'_
P14 0 (CL 1/}42 + 1/)14) + P34 0 (a ¢1324 + w34) +
p2 o (apt +4%) + prag o (ay)® + %) +
P234 © (aw134 + 1p234) _|_ P124 © (CL w4 + w124) .
Takum ob6pa3zoM, B iab-TIPECTABIEHUN KOOPINHATHI

(KOMIIOHEHTBI) BEKTOPa SIBJISIOTCH  Q-THIEPUUCTAMA.
Bsenem st Hux obosnadenme

1/)13 — aw32 + w13 ; ’l/JO — a¢21 + 1/}0 )

¢14 — aw42 + q/)14 ; ,17[)34 — aw1324 + ¢34 ’

,(pQ — a¢1 + ¢2 , ¢123 — CL’(ﬂS + ¢123 , (15)
,¢'234 — aw134 + w234 , ,1/1124 — a,(/}4 + ¢124 )

C y4ueroMm 3TOro BEKTOpP 1 MOXKHO 3aIlNCAThH

=3P + po¥° + prap™ + paap? +
P2 P+ P123 P2 4 234 PP+ P124 Pt

Orcrona BUAHO, 9TO B tab-TIPEICTABIIEHUN BEKTOD Y MIPO-
€UPYETCA Ha HAlIPABJIEHUA P13, P0, P14, P34, P2, P123,

P234, P124-
B iab-tipencraBieHny CTPYKTYPHBIE MATPUIBI UMEIOT

pasmeprocTb 8 X 8 (cm. Ilpunoxenue k Jleknun).

2. I AB-npeacrasiienune anrebpst kBapkuHo Q)

I AB-nipencrasnenne anreGpsr Q) 0CHOBaHO Ha Pa3JIO-
JKEHUHU BEKTOPA:

P32 P2+ P13 P+ P21 P32 4 Po 12134) 0 P34 +
P32t + p13 ¥ + par ¥ + po ') 0 prog +

¥ = (p32 ¥ + p13 ™ + par ¥ + po °) 0 po +
(
(
(P32 ™" + p13 ™ + por ' + po ¥™**) 0 pros

DTO mpeJCTaB/IeHEe COOTBETCTByeT 3amucu anreGpsr Q)
B Buje mpomseenennsa Q5 X Q5. BasucHbivMm BeKTOpamm
oxmoit anre6psr QF aBasOTCS

PO P34, P123,  P124;

Ga3MCHBIME BEKTOPAMU JIpYToi anreOper Qf siBisroTCst

P32, P13, P21, Po-

TTocnennroro anrebpy Mbl HazBaju [ AB-aarebpoii. Jra
asirebpa aHajorndna ajredbpe KBarepHuoHon. Jlns Ga-
sucHbIX eauuutl, [ AB-anreOpbl UCIONIB3YEM CJIEYIONIIe
oboznadenust

a-A, 1-1I, a-B, 1-1.

3amenuM GA3UCHBIE BEKTOPBI P32, P13, P21, Lo TPUBEICH-
HBIMU TUIIEPUYUCTIaMI B COOTBETCTBUU

p32 ~aA,
piz~ 11,
leNaBa
poN_Z]l.

IMosyanm BekTop anrebput Q) B I AB-npecrasienun

(L'A'(/)42+1 _Iw14+a.Bwl324+]1w34)op34+
a APt +1-I9* +a-By® +19"%%) 0 prog +

w:(a.AwSZ_’_Z'Iw13+a_Bw21+]1¢0)0p0+
(
(
(a- A3+ 1 - T9®* o By + 1¢'%) 0 proy.

Takum obpasom, B [AB-upeicraBieHAN KOODPIUHATHI
(KOMIIOHEHTBI) BEKTOpa SIBJISIFOTCSI THUIIEPUYNCIaMU. BBe-
JeM JJIsl HUX 0003HaueHNe

U =aAy® + 1198 +aByY* +19°,

\1/34 :aAd/Q +1]’l/)14 _,_an1324+]]_,1/}34’
\11123:CLA,[/)1 +ZI7,[}2 +an3 +]1¢1237
\11124:aAw134+11w234+an4 +ﬂw124.

(16)

C y49eToM 3TOro BEKTOP 1 MOXKHO 3aIIUCATH
Y =00 po + U pgy + U123 prog + W' ppoy

Orcioga BugHO, 9T0 B [ AB-TIpe/icTABIIEHUN BEKTOD 1)
OpoenupyeTCd Ha HalIpaBJICHUL Po, P34, £123, P124-

B I AB-npejicraBiieHun CTPYKTYPHBIE MATPUIBI HUMEIOT
pasmeproctb 4 X 4 (cm. Ipunoxenue k Jlexkuun).



3. CuHue KBapKUHO

Asrebpa cuHUX KBAPKUHO OIPEJIEJISIETCS JTHarpaMMoit

IOnra

1
|3
!

U3 nee CJIEAYIOT IIepeCTaHOBOTHbBIEC COOTHOIECHUA

12=21, 13=-31, 23=232,
14=-41, 24=42, 34=-43.

OTcrofia IPOCTPAHCTBO JIEHCTBUsT CUHUX KBapKuHO QF
€CTh MHOYKECTBO BEKTOPOB BUA,

¥ =reg¥0 +e; 0"+ eany 12 + 2[13 1/1 Ut ez @3+
+eprq 11 + e (a2) V2 ¢ 34 YU 4 ¢ (193), Y32
+e(124); P )3 + epzq W3 + 8(234) PAsDs 4
+€(1324)¢ (42316

Ecmm ipocTpancTBo ¢ 6a3ucHBIMI BEKTOPaMH ¢, ;; 000-
sHaunTh (Q})? TO MPOCTPAHCTBO areGphl CHHUX KBap-
knuo Qp mpescTaBaser coboit CyMMy POCTPAHCTE:

Q) =Q"+Q" + (@) +(Q;)° + ()"

1. BasucHovie GEKMOPLL U UL npouaee(?enwl

Vkaxem 6a3ucHble BeKTOpBI anreGpsl Qp m mpasuia
YMHOXKEHUSI, KOTOPBIM OHU IO TIUHSTIOTCS.

® po — DA3UCHBII BEKTOP CKAJIAPHOI 9aCcTH BEKTOPA.
s pg uMeeT MeCTO IPABUJIO YMHOXKEHUs

Po © po = pPo -

e Obpa3symliue BEKTOPHI p;, TJie UHIEKC § mpobera-
er 3HadeHnsa oT 1 10 4, ecThb OA3WCHBIE BEKTOPBI
npocrpancrBa-spemenn CTO. Hucsio BeKTOPOB p;
PaBHO YeThipeM. JIJis HUX MMEIOT MECTO MPaBUJIa
YMHOYKEHUS

Pi©pPo = pPo0OpP;i=pPi-

pi o p; = signp;,
rie

sign p1 = sign py = sign p3 = —sign ps = po .

e BexkTopnr
Pik = Pk O Pi -

3nech © # k. Yuceao 9Tux BEKTOPOB PABHO UUCITY
COYETAHUN U3 YeThIPEX JIEMEHTOB IO JBa

B coorsercrBuu ¢ Pasmenom IV Jleknuu 14 njist
9TUX BEKTOPOB BBIMOJJHSIOTCS IIPpABUJIa II€PEeCcTa-
HOBKM WHJIEKCOB M, COOTBETCTBEHHO, COMHOXKHUTE-
Jielt (TepecTaHOBOYHBIE COOTHOIIEHNS)

P21 = P21, P13 = —P31, P32 = P23,
P14 = —P41, P24 = P42, P34 = —pP43 -

IIpaBuia ymMHOXKEHUS, B KOTOPBIX YYaCTBYIOT ITH
BEKTOPBI, CJIEAYIOT U3 yCJIOBHUS aCCOLUMATHUBHOCTH
¥ TIePEeCTaHOBOYHBIX COOTHOIIeHnU. B wactHOCTH,
nMeeM

P21 © P21 = Po, P42 © P42 = —pPo,
P32 © P32 = Po, P14 © P14 = Po,
P13 © P13 = —pPo P34 © P34 = pPo -

e BekTopnr
Pikl = P1 O Pk O P; -

Bnmech i # k,i # 1,k #£1 . Takum obpasom, aucsio
9TUX BEKTOPOB PABHO YMCJIy COUETAHWN U3 YE€THIPEX
9JIEMEHTOB 110 TPH

st 5TUX BEKTOPOB BBITIOJHAIOTCS MPABUIA TIepe-
CTaHOBKU WHAEKCOB U, COOTBETCTBEHHO, COMHOXKU-
Tesell, BBITEKAIOIINE U3 IIePECTAaHOBOYHBIX COOTHO-
meHunit

P123 = P213 = —P231 — —pP321 = —P312 = P132,
P124 = P214 = —P241 = —pP421 = —P412 = P142,

P134 = P314 = P341 = —P431 = P413 = —P143,
P234 = P324 = P342 = —P432 = —P423 = —P243 -

s yciioBud aCCOIIUATUBHOCTU U IEPECTAHOBOIHBIX
COOTHOIIIEHUA TaK2Ke ciaeayer

P123 © P123 = —pP0 , P124 © P124 = PO 5

P134 © P134 = —pPo , P234 © P234 = PO -



e BekTop
P1324 = P1 O P30 P20 Pyg .
i 9TOr0 BEKTOPa BBIMOJHSAIOTCS IPABUIIA, TIEPe-

CTaHOBKHU HMHIEKCOB M, COOTBETCTBEHHO, COMHOXKH-
Te.HeIU/I7 BbIT€Kaloe n3 1epeCcTaHOBOYHBIX COOTHO-

IeHUIT
P1234 = P2134 = —pP2314 = —P3214 =
—pP3124 = P1324 = —P1243 = —P2143 =
P2413 = L4213 = P4123 = —pP1423 =
P1342 = —P3142 = P3412 = —P4312 =
P4132 = —P1432 = P2341 = P3241 =
P3421 = —pP4321 = —pP4231 = —P2431 -

3 ycnoBust accOUaTUBHOCTH U MEPECTAHOBOTHBIX
COOTHOIIICHNH TaKzKe CJIeLyeT

£1324 © P1324 = PO -

2. Cmpyxmyprole MamMpPuyd, arzebps, cuhur keapkuro Qp

Ucnonwzysa [Ipunoxenne K nacrosmeit Jleknum, mpu-
BEJIEM CTPYKTYPHBIE MaTpuisl anrebpor Qf, meobxomm-
Mbl€e JIJIsI IOCTPOEHUS YPABHEHUS PEJIITUBUCTCKOM KBaH-
TOBOIl MEXaHWKHU JIJIsI CBOOOIHBIX CHHIX KBapKUHO

0 34 123124 0 34 123124
0 0
AN, _ . 1 IN _ A
Cp = —1 1 e, Cp =a Al 34
1 123 A 123
1 124 A 124
)
0 34 123124 0 34 123124
0 - 0
2N _ A 3N, _ B
Cc*p =1 Al 34 > Cp =1 -B| 34
A 123 B 123
A 124 B 124
0 34 123124 0 34 123124
0 1 0
N 1 N
Ck0o=1|" ¢ a1, CUksa=1|q 34
1 123 1123
]]_ 124 ]1 124

8. YpasHerue peasmusucmcrotll K8aHMOB0U METGHUKY OAA
CUHUT KBAPKUHO

VpaBHeHHe PeJIITUBUCTCKON KBAHTOBOI MEXAHUKU JIJIs1
CBOOOJIHBIX CHHUX KBAPKUHO IIOJIyYHM, IIOJCTABUB B
ypasuenue (7) BbINIENPUBEICHHbIE CTPYKTYPHbBIE MaTPU-
upt. s st meficTBUTEIBHOIO PEryJIsipPHOIO IPEICTaB-
JleHWsl ajreOpbl CMHAX KBAPKUHO Q) KOMIIOHEHTBI BOJI-
nosoit dbynkmm X (z) npescraBasor coboii mrecTHa-
auaTh geficrBuTesbHbIX GyHkmit. B iab-npeacrasienun

BOJIHOBasi (DYHKIIUS COJIEPKUT BOCEMb KOMIIOHEHT BHIA
(15). " B I AB-mipejiCTABIEHNN KOMIIOHEHTAMH BOJIHO-
Boit dyHKIUu sBjstorcs derbipe [ AB-dyHKIun Buia
(16). TIpuBeneM ypaBHEHUSI KBAHTOBON MEXaHUKH 110 OT-
HomeHnio K I AB-KOMIIOHEHTaM BOJIHOBOM (DyHKIIUU CHU-
HUX KBapKWUHO:

1 A
—i L 1 o4+a A

o1+

A -B o

_ P34
A B B 83 P23
\11124

B o
o \1134

‘1/123
\11124

gl
O ®

Nom

i84\11124 —(aA@l + Ady — iBa3)\Ifl23
mgc 0 34
= 'W .W
oy (@ HBTT),
i64\11123 7(0,1481 + Aag - iBag)\I/124
S T CRA R )
P (17)
—(aA81+A82+iB(93)\IIO
mgqcC

_ . pl2s oyl

—(aA81 + A0y +i363)\1134

- mgcC
_72]9

10,034

i 0,00

(ﬂ \:[1123 +O['\I’124).

4. Cmandapmmnoe npedcmasaerue ypasreHus K6aHMo8ow
METAHUKY OAA CUHUT KEAPKUHO.

ITpeoGpasyem ypasuenusi (17) ciemyromum o6pa3oM.
CHavasta CJIOKHUM TIEPBOE YPABHEHUE CO BTOPBIM & TPEThE
¢ geTBepThIM. [losryunm

. . myc
10402 = (0 ADy + ADy — i BOg) o = 0= (a+ B)en,
. . mgycC

10101 — (@ADL +ADy +i1B03) p1 = W(a-i-ﬁ)@za

(18)

rae o = U0 + U3 i, = U123 4 w124 3arem BuruTeM
U3 YETBEPTOIO TPEThe, a U3 BTOPOr0 yPABHEHUS HEPBOE.
ITomyanm

mgycC

10sx2+ (@ADL +ADy+iB03) x2 = %(ﬂ—Q)le



ia4X1+(aA31 +A82—ZBa3)X1 — w

2p (5—04)X27

(19)

e x1 = W12 @l g
Nnu ¢ yaerom (5) u (6)

9 = lI/O _\1,34.
mycC
i84<p27(aA31+A827iB83)g02: ; @1,

mgcC

i84g01—(aA81+A82+iB83)g01: » w2, (20)

my ¢

1042 + (aA(’)l + Ay +iBag)X2 =

X1,

my ¢

i84x1+(aA81+A82—z’B83)X1: X2, (21)

Takum 06pa3oM, cucTeMa U3 YeTHIPEX YpaBHEHHU Mpeod-
pasyercs B JiBe cUCTeMbI U3 JIByX ypaBHeHuii. OpHa u3
CHCTEM TIPEJICTABJISIET YPABHEHUE I HIKHEr0 CHHEro
KBapKWHO C MAaCCO# My, & JIpyTasi MpeJICTaBJIseT ypaBHe-
HUE JIJIsi BEPXHErO CUHEr0 KBAPKUHO € MACCOM Mly,.

4. 2Kearble KBAPKUHO

Aurebpa KeJIThIX KBAPKUHO OIPEIENSeTCsl JTuarpam-
moit FOura

W=
N

13 nee CJIEAYIOT IlepeCTaHOBOYHbIE COOTHOIIECHUA

12 = 21,
14 = —41,

13 =31,
24 =42,

23 =32,
34 = 43.

OTcroa TPOCTPAHCTBO JIEHCTBUS YKEJITHIX KBAPKIHO QZ
€CTh MHOYKECTBO BEKTOPOB BUIA

¥ =eo " + e; ¥ + eor) Y12 + ey PB4 e 30 2 4
+eprq 41 + e(any P12 + 9é34 ) VU3 4 e(103), (3213
+e(124), P )3 + e(134), Y32 4 e (934),, 324
+e(1324); p23l)r

Ecnu npocTpancTso ¢ 6a3ucHbIMU BEKTOPaMH ¢, ;; 000-
3HAYNUTD (QZ)” TO IIPOCTPAHCTBO AJAreOpbI XKEJITHIX KBap-
KUHO (@Z [IpeJICTaBIsIeT cODO0M CyMMYy IIPOCTPAHCTB:

Q; =Q"+ Q'+ (Q)* + (@})* + Q*

1. Basuchbie 8eKMOPyL U UT NPOU3BedeHUs,

VkaxkeMm Oa3uCHbIE BEKTOPBI AJIre€OPbI QZ U TIPABUIA
YMHOXKEHUsI, KOTOPBIM OHH ITO[YNHSIIOTCSI.

e po — DA3UCHBIN BEKTOP CKAJIIPHOIl YacTU BEKTOpA.
st pg mMeeT MeCcTo MTPaBUIO YMHOXKEHUST

Po © po = po -

e OGpaazyroliue BEKTODPBI p;, TJie WHJIEKC i mpobera-
er 3Hadenus oT 1 s10 4, ecTb Ga3UCHDBIE BEKTOPDI
npocrpancrBa-Bpemenn CTO. Hucjio BeKTOpOB p;
paBHO YeTbIpeM. JIjisi HUX MMEIOT MECTO IPABUJIA
YMHOYKEHUSI

Pi©pPo = PoOpPi= pPi-

pi © pi = signp;,
rIe

sign p1 = sign py = sign pg = —sign ps = po .

e BekTopsl
Pik = Pk © Pi -

3Buech @ # k. Hucao 3TuX BEKTOPOB PABHO YHUCJLY
COYeTAHUN U3 YeTHIPEX JIEMEHTOB IO JBa

Ci=6.

B coorBercrBun ¢ Pasmenom IV Jleknuu 14 njist
9TUX BEKTOPOB BBIIOJIHSIETCS IIPABIIIO IIEPECTAHOB-
KI WHJIEKCOB M, COOTBETCTBEHHO, COMHOXKUTEJICH
(mepecTaHOBOYHbIE COOTHOIICHHUS )

P21 = P21,
P14 = —P41,

P13 = —P31,
P24 = P42,

P32 = P23,
P34 = P43 -

[IpaBwra ymHOXKEHUS, B KOTOPBIX YIaCTBYIOT STH
BEKTODBI, CJEIYIOT U3 YCJIOBUA acCCOIUATUBHOCTHU
U TEPEeCTAaHOBOYHBIX COOTHOIIEeHU. B wactHOCTH,

nMeeM
P21 © P21 = PO, P42 © Pa2 = —pPo ,
P32 © P32 = Po, P14 © P14 = Po,
P13 0 P13 = —pPo, P340 P34 = —P0 -

e BekTopsl

Pikl = P1 O Pk © P; -



Bnmech i # k,i £ 1,k #1 . Takum obpasom, qucio
9TUX BEKTOPOB PABHO YHCJIy COUETAHUN U3 Y€THIPEX
9JIEMEHTOB 110 TPH

7151 9TUX BEKTOPOB BBINOJIHSAIOTCS IIPABUJIA II€pe-
CTAHOBKHU WHJIEKCOB M, COOTBETCTBEHHO, COMHOYKU-
TeJsiell, BBITEKAIONNe U3 IIePEeCTAHOBOYHBIX COOTHO-

IeHUI
P123 = P213 = —P231 = —P321 = —pP312 = P132,
P124 = P214 = —P241 = —P421 = —P412 = P142,
P134 = —pP314 = P341 = P431 = —P413 = P143,

P234 = P324 = P342 = P432 = P423 = P243 -

s ycioBud aCCOIMATUBHOCTU U IIEPECTAaHOBOYIHBIX
COOTHOIIIEHUN TaK2Ke cileayer

P123 © P123 = —pPO » P124 © P124 = PoO ,
£134 © P134 = —pP0 » P234 © P234 = —P0O -
e BekTop

P1324 = P1 O P3O P20 P4 .

Snecb i £ k,i £ 1,i#*Fm,k#1,k#*m,l#+m.
Takum 06pa30oM, YUCJIO ITUX BEKTOPOB PABHO UUC-
JIy COYETAHWil M3 YETHIPEX JJEMEHTOB II0 YETHIPE,
TO €CTh €JIMHUIE

JI1st 9TUX BEKTOPOB BBIMTOJHSIIOTCS TPABUIIA ITepe-
CTaHOBKU WHJIEKCOB U, COOTBETCTBEHHO, COMHOXKU-
Tesell, BRITEKAIOIINE U3 IIePECTAaHOBOYHBIX COOTHO-
IeHuit

P1234 = P2134 = —P2314 = —P3214 =
—pP3124 = P1324 = P1243 = P2143 =
—P2413 = —pP4213 = —pP4123 = P1423 =
P1342 = —P3142 = P3412 = P4312 =
—P4132 = L1432 = P2341 = P3241 =

P3421 = P4321 = P4231 = P2431 -

3 ycnoBust accomuaTUBHOCTH U MTEPECTAHOBOTHBIX
COOTHOIIICHUIT TaKzKe CJeLyeT

P1324 © P1324 = —P0 -

2. Cmpyxmyprvie MOMPUUDL AA2EOPBL HCEAMBLT KEADKUHO

Q,

Ucnonwszys lpunoxenne k nacrosimeit Jlexmun, npu-
BeJIeM CTPYKTypHble MaTpuipl anre6psr Q, meobxomm-
MbI€ JIJIsI TIOCTPOEHUSI YPABHEHUST PEJISITUBUCTCKOI KBaH-
TOBOI MEXaHWKMW JJIsi CBOOOIHBIX YKEJITHIX KBAPKUHO.

0 34 123124 0 34 123124
- 0 0
4N ; B IN A
C*p =1 B e, C7p =a Al 34 >
B 123 A 123
-B 124 A 124
0 34 123124 0 34 123124
0 - 0
2N A 3N _ B
ChL =1 Al 34 > % =1 -B| 34 >
A 123 B 123
A 124 B 124
0 34 123124 0 34 123124
0 -1 0
N _ 4|1 N . _
Cko=1|" 1 a1, Cksa=1|q 34
]]_ 123 _]1 123
1)2e 1 124

3. Vpasuenue peasmusucmckoti K86aHMOBOU METAHUKY AL
IHCEAMBIT KEAPKUHO

YpaBHeHUe PEIATUBACTCKON KBAHTOBOW MEXAHUKH JIJIsI
CBODOMIHBIX JKEJITHIX KBAPKUHO IIOJIYYHMM, IIOJICTABUB B
ypasuenue (7) BbIIIEIPUBEIEHHbIE CTPYKTYPHbIE MaTPU-
npl.  JIas meifcTBUTEIHLHOTO PETYJIsIPHOTO IIpeICTaBIe-
HUsT aJIreOpbhl JKEeJITHIX KBAPKWHO QZ KOMIIOHEHTBI BOJI-

nosoit dyukiuu X (x) npexcrassmior coboit mecTHa-
JIATh IeHCTBUTEIbHBIX GyHKIHUA. B iab-tipeacrasirennm
BOJIHOBas (DYHKIIUS COJIEPKUT BOCEMb KOMIIOHEHT BHJIa
(15). I B I AB-nipesicTaBiIeHIN KOMIIOHEHTAME BOJTHOBOI
dbyukuun asigiorca deroipe [ AB-dynkuuu sBuga (16).
IIpuBenem ypaBHEHNS KBAHTOBON MEXaHUKH 10 OTHOIIIE-
HUtO K | AB-KOMIIOHEHTaM BOJIHOBOM (DYHKIIUHU KEJITHIX
KBapKUHO:

) B Os+a A o1+

A -B wo

. _ P34
A Oy +1 b 03 pl123
A B w24

a —f po

_ _mgc |8 « VES
- 2p a —f(3 P23
,8 o \11124

Nan



iB(94‘I’124 —(aA81+A62—iB(93)\11123
mg ¢ 0 34
— —4° 3.0
B (00— ),
_iBOWU _(q Ady + Ads — i B Oy) U1
o I GRS A
2P (22)
—iBa4\I/34 —(aA81+A82+iBag)\I!0
_ge o123 5 g124
iB&;\I/O —(aA@l + A0, +iBag)\1134
mgcC

\11123 \11124
T (B o ),

4. Cmandapmmnoe npedcmasaerue ypasnenus K6aHmMoso
MELAHUKY OAA HCEAMDIT KEAPKUHO.

ITpeo6pasyem ypaBHeHUs (22) CJepyONM 06PA3OM.
CHauasta CJIO2KHUM IIEPBOE YPABHEHUE CO BTOPBIM 8 TPEThE
¢ veTBepThIM. Ilomyanm

13 nee CJIEAYIOT IIepeCTaHOBOYIHbBIEC COOTHOIIECHUA

12 =21,
14 = 41,

13 =-31,
24 = 42,

23 = 32,
34 =43.

Orcro/ia MpOCTPAHCTBO AefiCTBHST KPACHBIX KBApKIHO QF
€CTb MHOXKECTBO BEKTOPOB BHUJIA

%/1 e ¥ + e ' + egary Y1 + epg YU 4 e(50y 2D+

e1ay VY 4 eao) 0V +eraay I3 4 e(103), 1/1(321

+e<124>¢<421> T e, ¢(431)3 +e< b 132 4
231

+€(1324) p

Ecmm pocTpancTBo ¢ 6a3uCHBIMI BEKTOPaMH €, ..., 000-
sraauTh (Q))P TO MPOCTPAHCTBO ANTeGpBI KPACHBIX KBap-
kuHO Q) mpecraBisier coboit CyMMy IPOCTPAHCTB:

Q=Q "+ Q"+ (Q)2 + (@) + (Q)*.

1. Basuchvie 8eKmMopv, U uT npouseederus,

*
VkazkeMm Oa3ucHble BeKTOPBI ayredbpnel Q) u mpasmia
YMHOXKEHUSI, KOTOPBIM OHU ITOTIUHSIOTCS.

—i BOyx1—(a Ady+Ady—i Bs) py = g ¢ +m2 ¢ Ya ® py — OA3UCHBIN BEKTOP CKAJISIPHON YACTU BEKTOPA.
217 2p st pg mMeeT MecTo MPaBUIO YMHOXKEHUS
my ¢ myc
iBa4X2—(aAal+A82+iB83)<p1=ﬁ<p2+%>ﬁ, Po© po = po-
(23) e Obpa3symlinue BEKTOPHI p;, TJie UHIEKC | mpobera-
0 34 193 124 193 124 er 3HadeHusa oT 1 10 4, ecThb OA3WCHBIE BEKTOPHI
e p1 = SI] +§/4 Hpp =W 4T, 0 =0 -0 npocrpancrsa-epemenn CTO. Yncio BEeKTOPOB p;
mxz =" — ¥ m =mga, my=mgf. paBHO YeThIpeM. /Iyl HUX MMEIOT MEeCTO IIPaBUJIA
3areM BBIUTEM W3 UE€TBEPTOrO TPEThE, & M3 BTOPOTO YMHOKeHHS
ypasHenus mepsoe. [losyunm
m;c 5C Pi©pPo = pPo°pP;i=pPi-
i BOoyp1H(aAd+ADy+i Bs) X2 = — ol x4 o2 iy |
2p 2p
pi © pi = signp;,
mj C my C
—iBOsp2+ (@ A0+ A0y —i B0O3) x1 = 5, et 2p F1
p rie
(24)

Takum obpaszom, cucTemMa ypaBHEHU JJIsT YKEJITHIX KBap-
KUHO He pas3jeligercd Ha JBEe CHUCTEeMbl, KOTOPble OTHO-
CHJINCh OBl K PAa3HBIM YACTUIAM — BEpXHEHl U HIKHEIA.
Ciie1oBaTEIBLHO, YKEITOEe KBAPKUHO MIPEJICTABIEHO OTHOM
JacTUIE ¢ YeThIPEXKOMIIOHEHTHOI BOJTHOBOI (DY HKITHEIA.

5. KpacHble KBApKUHO

Aﬂre6pa KPpaCHbIX KBAaPKHHO OIIpeJe/IideTCd JuarpaM-

moit FOura
1] 2] 4]
3]

11

sign p1 = sign py = sign pg = —sign ps = po .

e BekTops!
Pik = Pk © Pi -

Bmech @ # k. Ynceao 9Tux BEKTOPOB PABHO UUCITY
COYeTaHuil U3 YeThIpex JEMEHTOB T10 J[Ba

=6.

B coorBercrBun ¢ Pasmenom IV Jleknuu 14 njist
9TUX BEKTOPOB BBIIOJHSIIOTCS IIPABIIIA II€PeCcTa-
HOBKHU WHJIEKCOB M, COOTBETCTBEHHO, COMHOXKHUTE-
Jieit (IepecTaHOBOYHBIE COOTHOIICHNS)



P21 = P21,
P14 = P41,

P13 = —pP31,
P24 = P42,

P32 = P23,
P34 = P43 -

IIpaBmita ymMHOXKEHUsI, B KOTOPBIX YIaCTBYIOT 3TH
BEKTODBI, CJEAYIOT U3 YCJIOBUA acCCOIUATUBHOCTHU
U TIEPEeCTAaHOBOYHBIX COOTHOIIeHU. B wacTtHOCTH,
nMeeM

P21 0 P21 = Po, P42 © P42 = —po ,
P32 ° P32 = Po P14 © P14 = —pPo
P13 ° P13 = —p0 , P34 0 P34 = —p0 -

e BekTopnr
Piki = PLO Pk © Pi -

Snmecw i # k,i # 1,k #1 . Takum obpasom, aucio
9TUX BEKTOPOB PABHO YHUCJIY COUETAHUN U3 YeTHIPEX
3JIEMEHTOB 110 TPU

Jlist 9TUX BEKTOPOB BBINOJHSIOTCS IIPABUJIA, IIepe-
CTAHOBKH MHJAEKCOB U, COOTBETCTBEHHO, COMHOXKU-
TeJslell, BBITEKAIOIe U3 IIePEeCTAHOBOYHBIX COOTHO-
IeHunit

P123 = P213 = —pP231 = —pP321 = —P312 = P132;
P124 = P214 = P241 = P421 = P412 = P142,
P134 = —P314 = —P341 = —P431 = P413 = P143,
P234 = P324 = P342 = P432 = P423 = P243 -

W3 ycmoBus accormuaTuBHOCTH U IIEPECTAHOBOYHBIX
COOTHOIIICHUIT TaKzKe CJeyeT

P123 © P123 = —P0 »
P134 © P134 = Po

P124 © P124 = —P0
£234 © P234 = —p0 -

e BekTop
P1324 = P19 P30 P20 P4 .

JI1st 9TOr0 BEKTOpPA BBITIOIHAIOTCS TIPABUJIA TTEpe-
CTAHOBKU WHJ/IEKCOB U, COOTBETCTBEHHO, COMHOXKU-
TeJIel, BhITEKAIUe U3 IepeCTaHOBOYHBIX COOTHO-
MICHWIT

P1234 = P2134 = —pP2314 = —P3214 =

—pP3124 = P1324 = P1243 = P2143

P2413 = P4213 = P4123 = P1423

P1342 = —P3142 = —P3412 = —P4312 =
L4132 = P1432 = —pP2341 = —P3241 =
—P3421 = —P4321 = —P4231 = —P2431 -

3 ycnoBust accomuaTUBHOCTH U MTEPECTAHOBOTHBIX
COOTHOIIICHUIT TaKzKe CJeayeT

P1324 © P1324 = L0 -

12

2. CmpyxmypHsie mampuys, anrz2ebpv, kpacnur keapruro Q)

Ucnonwszys lpunoxenne k Hacrosmeit Jlekmun, npu-
BEJIEM CTPYKTypHbIe MaTpulbl aarebpol Qr, HeoOxomm-
Mbl€ JIJIsI TIOCTPOEHNUSI YPABHEHUS PEJIITUBUCTCKON KBaH-

TOBOIT MEXaHUKU JJIA CBO60,D;HI>IX KpPaCHBIX KBAPKHHO.

0 123 0 123
0 0
AN _ 1 IN _ A
C*p =a -1 e, Clp=a Al 34 >
1 123 A 123
1 124 A 124
0 34 123124 0 34 123124
0 - 0
2N _ A 3N _ ; B
CL =1 Al 34 > Cp =i _B| 34
A 123 B 123
A 124 B 124
0 34 123124 0 34 123124
0 -1 0
N 1 N
Cx0=1|" ¢ a1, Cksa=1|q 34
1 123 1] 123
]]_ 124 ]l 124

3. Ypasuenue pessmusucmcrotll K8aHMOBOT MELAHUKU OAA
KPACHOIT KEADPKUHO

VpaBHeHUE PEIATHBUCTCKON KBAHTOBON MEXAHUKH JIJIsT
CBOOOJIHBIX KPACHBIX KBAPKUHO IIOJIyYUM, IIOJCTABHUB B
ypasuenue (7) BbIIIENPUBEIEHHbIE CTPYKTYPHbIE MaTPU-
nbl. JIj1st 1eficTBUTEIBHOTO PEryJIsIPHOTO TIPEICTABICHUST
asre6psl kBapkoB Q(u, d) KOMIOHEHTBI BOITHOBOM (byHK-
i % () mpencraBnsIOT COGOI ITECTHAAIATE JIeHCTBH-
TenbHBIX GyHKmmit. B iab-mpencraBiennn BosHOBasS
dyukuus comepkur BoceMb KomuonenT sBuga (15). U B
1 A B-1ipeicTaBjieHUN KOMIIOHEHTAMU BOJIHOBOH (DYHKITIH
apystioresa derbipe [ AB-dyukuuu suga (16). Ipusenem
ypaBHEHHUsI KBAHTOBOI MEXaHUKU 10 OTHOIIEeHNIO K I AB-
KOMITOHEHTaM BOJIHOBOI (DYHKITUU KPACHBIX KBAPKUHO:

1 A

-1 Os+a

A

o1+

\I/O
\1134
\11123
\1,124

Oy +1

\IJO
\1134
\1,123
pl24

_Imgc
2q

Nom



—a 84\11124 —(aA61 + Ady — iBag)\If123

mg ¢ 0 34
4 v _ 3.0
4 (0 00— 0,
CL84\I’123 —(aA81 + Ady — iB(93)\I/124
= S (B0 4 a U,
2p (25)
—a84\1134 —(G,Aal + A82 +ZB§3)\IIO
_ge o123 5 g124
a04\110 —(aA81 + Ao +iB(93)\1134
mgc

123 g2y
5 (B +a )

4. Cmandapmmnoe npedcmasaerue ypasnenus K6aHmMo8o
METLAHUKY OAA KPACHOIT KEAPKUHO.

ITpeo6pasyem ypaBHeHus (25) CJepyONM 06Pa3OM.
CHauasta CJIOZKHUM IIEPBOE YPABHEHUE CO BTOPBIM & TPEThE
¢ gerBepThIM. [losyanm

miy C mso C
aBOy1—(aAd+AB—iBds) s = —— @14+ —— X2,
2p 2p
mj c ms C
aa4X2_(aAa1+A32+iB(93)<p1:2—1¢2+_2X17
P 2p
(26)

e gy = WO+ U3 g oy = 123 1 124y = 123 124
uys =0 — 03 m =mya, my =myp.

3areM BBIUTEM W3 UE€TBEPTOrO TPEThE, & M3 BTOPOTrO
ypaBreHus neppoe. [lomydanm

mic ms C
0041+ (@ Ad1+ADy+iB83) xa = ——— X1+ —— o,
2p 2p
mic mso C
aa4302+(aA61+A(92—iB(93)X1:_2_1X2+ 2 o1,
P 2p
(27)

Takum o6pazom, cucTema ypaBHEHUH JIJIsT KPACHBIX KBap-
KUHO He pa3JeJiseTcs Ha JBe CUCTEMBbI, KOTOpble OTHOCH-
Jinch OBl K PA3HBIM JacTuraM — Bepxueil u Hmxkueit. Cire-
JI0BaTeJIbHO, KPACHOE KBAPKUHO IIPEJICTABJIEHO OJIHON Ya-
CTHUIENl C YeTHIPEXKOMIIOHEHTHO! BOJTHOBOM (DyHKITHEH.

IV. HEPHBIE JIEIITUHO

Aure6pa uepnbix stenrtuno Cj onpejiesisieTcs: quarpam-

moit FOura
1] 2[ 3]
L 4]

13

13 nee CJIEAYIOT IIepeCTaHOBOTHbBIEC COOTHOIIECHUA

12 = 21,
14 = —41,

13 =31,
24 =42,

23 = 32,
34 =43.

Orcroia mpocTpaHeTBO JelicTBust uepHbIX JentuHo Cj
€CTb MHOXKECTBO BEKTOPOB BHUJIA

P =reg¥0 + e; ¥ + e(opy YU+
Fep) P A eao) Y - eigyy YU e 2+
te(12a), V2D 4 e(y34), YUV e oy p 32 4
+ey301 123

Ecnu pocTpancTBo ¢ 6a3uCHBIMI BEKTOPaMH €, . ;; 000-
saaanth (Cy)P TO MPOCTPAHCTBO aJre0phl YE€PHBIX JIETI-
turo Cp mpescTaBiser coGoi CyMMy TIPOCTPAHCTB:

* *\0 *\ 1 *\2 *\3 *\4
Cy = (C)" +(C) + (Cy)” +(Cy)” + (Cp)~.
Haustee, Kak 1 mpekje, 6a3MCHBIE BEKTOPHI ¢ II0 OTHOIIIE-

HUIO K ajirebpe JienTuHo OyjieM 0003HAYATD K.

1. iab-npencraBnenue anrebpol gentuno C)

tab-pesicTaB/IeHTE OCHOBAHO HA CJIEJYIOIIEM PA3JIOXKe-
HUY BEKTOpA:

¥ = k130 (k21 ¥°% + Ko ') + Ko o (K21 ¥ + Ko ¥°) +
Kia 0 (ka1 " + Ko ') + K3 0 (ko1 ¥1%* + ko ¥?) +
Ko 0 (ko1 ' + Ko ¥%) 4 K123 0 (ka1 ¥° + Ko ') +
ko34 0 (K21 V" + Ko Y***) + K124 0 (ko1 ¥ + Ko Y.

OTO MpeJCTaBIEHNE COOTBETCTBYET 3AINCU AJTre€OpPbHI
C} B Buge npoussenenns C; x CT (3mech HUKHUI UHIEKC
€CTh Pa3MEPHOCTH 00PAa3yOIIero IpocTpaHCcTra). Basuc-
HBIMU BekTOopaMu aarebpbl Cs sBisroTcs
Ko , K34, K2,K123, K234, Ki24;

K13, K14,

6asucHbIME BekTOpamu anredpsr C] siBisoTCSI

K21, Ro -

TTocTraBuM B coOTBETCTBHE OA3UCHOMY BEKTOPY K21 aJIred-
pet C] a enmanty, a 6a3UCHOMY BEKTODY K( JEHCTBATEb-
HyIO eIMHUIly. B pe3yiabrare MOJyduM BEKTOD aareOpbl
C} B iab-upejcTaBIeHUN UMEET BUJL

¥ = k130 (™ + %) + kg o (a9 +9°) +
k110 (@™ + M) + Kza 0 (ap™* 4 93) +
Ko © (ad)l +w2) +I{123 o (aw3 +w123) 4
Kaza 0 (@™ + %) + kigg 0 (ayp + 1%,
Takum obpazoMm, B iab-TIpeJcTaBJIeHUN KOOPIMHATHI

(KOMIIOHEHTBI) BEKTOPA SIBJISIIOTCA  (-TUIEPUUCIIAMHE.
Beenem njis Hux obosHadeHune



,¢,13 — C”p32 + 1p13 ; ,1/10 — a,(/}ZI + wO ,

¢14 — a1/142 + ,11)14 , 1’[)34 — a¢1324 + w34 ;

,‘PQ — 6”/11 + 1/12 , ¢123 — ad)B + ¢123 , (28)
1/)234 — aw134 + ¢234 , 1/)124 — a,(/}4 4 w124 .

C y49€eToM 9TOro BEKTOp ’(/J MOZKHO 3alluCaTb

Y= k13" + ko’ + Kia P + K3 PPt +
Ko P2 + K123 Y23 4 Kozg YB3 4 Kgg '

Orciofia BUIHO, 9TO B ab-TIpeJICTABIEHUN BEKTOD ) IIPO-
CIUpyeTcda Ha HallpaBJICHUA K13, Ko, K14, K34, K2, K123,
K234, K124-

B iab-tipencraBiennn CTPYKTYpPHBIE MATPHUIBI UMEIOT
pasmepHOCTh 8 X 8 (cM. IIpmiorkenne x Jleximn).

2. IAB-upencraBiaenne anre6pst jgentuso Cj

I AB-npencrasnenne anre6psr C; OCHOBaHO Ha pa3iio-
JKEHIU BEKTOPA:

K32 ¢42 + K13 wM + Ko 1/11324 + Ko 1/)34) o K3q +
ka2 P! + K13 ¥® + ko1 P + ko ') 0 K1a3 +

¥ = (k32 ¥*% + K13 ™ + ko1 ¥ + Ko Y°) 0 Ko +
(
(
(K32 "3 + K13 P + Koy ¥ + Ko ') 0 K4 .

DTO mpesCTaBICHNE COOTBETCTBYeT 3ammcu anrebper C)
B Buge npoussegenus C; x C;. BasucupiMu BekTOpaMu
ozHoit anre6psr C stBIISIFOTCSI

Ko, K124

R34, K123,

6a3uCHBIMU BeKTOpaMu apyroit anrebper C; sBasioTCs

K32, K13, K21, Ko -

Tocnemuioro anrebpy mbl HazBaau [ AB-anrebpoii. Dta
ajrebpa aHajorudHa ajreope KparepHuoHoB. Jlis Ga-
3ucHBIX eauuull, [ AB-anrebpbl UCIOJIB3YEM CJIELYIOIIIe
obo3HaYeHUsT

a-A, 1-I, a-B, 1-1.
3amMeHUM Da3UCHBIE BEKTOPBI K32, K13, K21, Ko IIPUBEIEH-
HBIMU THIEPYUCIAMA B COOTBETCTBUU

K32 ~aA,
IilgNZI,
ko1 ~ a B,
IiON]ﬂ.

Iomyanm BekTop anrebpot Q) B I AB-npencrasiennn

(4

=(a- AP +1- 19 +a-ByY* +1¢°) o kg +
Aw42+1 .Iw14+a.Bw1324+]1,(/}34)05344_
CAYL 1 T? +a- By + 141 ) 0 kg +

(a
(a
(a
(@ - AP 4 1 TP 40 Byt + 19024 0 ks

14

Takum obpaszom, B [AB-nipeiacraBiieHUN KOOPIUHATHI
(KOMIIOHEHTBI) BEKTOpa SIBJISIFOTCsI TUIEPUYHUCIaMU. BBe-
JIeM JJIsl HUX 0003HAuYeHMe

VO =AY 4 1T faBY? 140,

\1134 — G/Aw42 + 1 leél +aBz/11324 + ﬂw347 (29)
U = gAY + 119> +aBy® + 19123,
\11124:aA1/)134+111/1234+aBz/}4 +ﬂ1/1124,

C y4uerom 3TOro BEKTOpP ¢ MOXKHO 3AIHMCATDH
0 34 123 124
=W ko + W K3y + U ki3 + U Ko

Orciona BugHO, 90 B [ AB-TIpe/icTaBIEHUN BEKTOD 1)
opoenupyeTcd Ha HallpaBJIC€HUA Ko, K34, K123, K124-

B I AB-1nipejicTaBjieHUU CTPYKTYPHBIE MATPHUIBI UMEIOT
pasmepuocTb 4 X 4 (em. Tpunoxkenue x Jlexknumu).

3. Basucusbie BEKTOPBbI 1 UX IIPpOU3BEeAECHUA

KazKeM ucHble BeKTOpb! anrebper C; m mpasuia
VkaxkeMm OazucHble BeKTOpbI airebper Cj
YMHOXKEHUSsT, KOTOPBIM OHH IO/IIHHSIIOTCS.

® Ko — 0A3WCHBIN BEKTOP CKAJISPHON 9aCcTH BEKTOPA.
s Ky ©MeeT MeCTO MPABUIIO yMHOKEHS

Ko © Ko = Ko -

e OGpagzyroliue BEKTODBI K;, [Jie WHJIEKC § mpobera-
er 3HadYeHus oT 1 J10 4, ecTb Oa3UCHBIE BEKTOPBI
npocrpancrBa-Bpemenn CTO. Hucio BeKTOpOB K;
paBHO YeTbIpeM. JIJisi HUX MMEIOT MECTO IIPABUJIA

YMHOXK€EHU S
Ri; ORKQ = RQOKR; = K; .
K; 0 K; = sign kK, ,
rae
sign k1 = sign kg = sign k3 = —sign Ky = Ko -

e BekTopsl

Rik — Rk O Rj.

Bmech @ # k. Yuceao 9TuxX BEKTOPOB PABHO UUCITY
COYETAHUN U3 YeThIPEX JIEMEHTOB IO JBa

B coorsercrBun ¢ Pasmenom IV Jleknuu 14 njist
9TUX BEKTOPOB BBIIOJHSIIOTCS IIPABIJIA II€PeCcTa-
HOBKHU WHJIEKCOB M, COOTBETCTBEHHO, COMHOXKHUTE-
Jieit (IepecTaHOBOYHBIE COOTHOIICHNS)



K21 = K21, K13 = K31, K32 = K23,

R14 = —KR41, K24 = K42, K34 = K43.

IIpaBmwia ymMHOXKEHUs, B KOTOPBIX YYaCTBYIOT TH
BEKTOPBI, CJICAYIOT U3 YCJIOBUS aCCOIMATUBHOCTU
7 TIEPEeCTAaHOBOYHBIX COOTHOIIEeHHUA. B wacTtHOCTH,

nmMeem

K21 © K21 = Ko, K42 © K42 = —Ko ,

K32 0 K32 = Ko, K14 © K14 = Ko,
K13 0 K13 = Ko, R34 O K34 = —Ko -

BekTopsr
Rikl = R O KL O K; .

Bnech i £ k,i £ 1,k £1 . Takum obpasom, ducso
9THX BEKTOPOB PABHO YHCJIy COYCTAHMI U3 9eThIPEX
3JIEMEeHTOB 110 TPH

JI1sT 9TUX BEKTOPOB BBIMOJHSIOTCS IIpaBUIa Iepe-
CTAaHOBKU MHJAEKCOB U, COOTBETCTBEHHO, COMHOXKU-
TeJIel, BhITEKAOIUe U3 IIePECTaAaHOBOYHBIX COOTHO-
ICHUIT

K123 = K213 = K231 = K321 = K312 = K132,
R124 = K214 = —HK241 = —HR421 = —R412 = K142,
K134 = K314 = —HK341 = —HK431 = —HK413 = K143,

K234 = K324 = K342 = K432 = K423 = K243 -

3 ycnoBust accOMaTUBHOCTH U MTEPECTAHOBOTHBIX
COOTHOIIICHUIT TaKzKe CJeayeT

K123 © K123 = Ko, K124 © K124 = Ko,

K134 © K134 = Ko, K234 © K234 = —Ko -

BekTop

K1324 = K1 ©K3 O K2 0Ky .

st 3TOr0 BEKTOpPa BBIMIOJIHSIOTCS ITPABUJIA IIepe-
CTaHOBKU MHJAEKCOB M, COOTBETCTBEHHO, COMHOXKU-
TeJsieil, BBITEKAIOIE U3 IIePECTAHOBOYHBIX COOTHO-
meHuit

R1234 = K2134 = K2314 = K3214 =
R3124 = K1324 = K1243 = KR2143 =
—HR2413 = —HR4213 = —HK4123 = R1423 =
K1342 = K3142 = —HK3412 = K4312 =
—HR4132 = K1432 = K2341 = K3241 =

R3421 = K4321 = K4231 = K2431 -

W3 ycioBus accormuaTuBHOCTH U II€PECTAHOBOYHBIX
COOTHOUICHUI TaKKe CJeayer

K1324 © K1324 = Ko -
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4. CTpyKTypHbIE MaTpUIbl ajarebpbl YePHBIX
aerrruro Cj

Ucnonwsayst [lpuoxkenne K Hacrosmeit Jlexkmun, mpu-
BeJIeM CTPYKTypHbIe Marpunsl anrebper Cp, meobxomm-
MbI€ JJIsl TOCTPOEHUST yPABHEHUST PEJISITUBUCTCKON KBaH-

TOBOII MEXaHUKU JJIA CBO60,ZLHI>IX YEePHbIX JICIITUHO.
34

0 3*123 0 124

123
- 0 0
AN _ - B IN, _ A
C*p =i B s, Clp=a Al 34 >
B 123 A 123
_B 124 A 124
0 34 123124 0 34 123124
0 1 0
2N _ A 3N, _
CL =1 Al 34 C*%p =a 1| 34
A 123 I]_ 123
A 124 1 124
0 34 123124 0 34 123124
0 1 0
N _ |1 N . _
Ck0=1| ¢ 31, Cksa=1|q 34
1 123 11| 123
1| 124 1 124

5. ¥YpaBHeHUE PeJIITUBUCTCKON KBAaHTOBOM
MEeXaHUKU [JIsi YePHBIX JIEIITUHO

VpaBHeHUE PEIATUBUCTCKON KBAHTOBONH MEXAHUKMY JIJIsT
CBOOOJHBIX YEPHBIX JIEIITUHO ITOJIYIUM, [OJCTABUB B
ypasHeHue (7) BBIIENPUBE/IEHHbIE CTPYKTYDPHbIE MATPU-
el JIist meficTBUTENBHOTO PErysIsipHOTO TPEICTaBIIe-
HUsL anreOphl depHBIX JenTrHO C; KOMIIOHEHTBI BOJI-
nosoit dbymukiuu X (r) npencrassior coboit mecTHa-
JIIATH JleficTBUTENbHBIX DyHKIMA. B iab-npencrasiennn
BOJTHOBasT (DYHKIIUsI COJEPYKUT BOCEMb KOMIIOHEHT BUJIA
(28). U B I AB-1pesicTaBiieHIN KOMIIOHEHTAME BOJTHOBOI
dyukiun spsirorest gerbipe I AB-dyukiun suga (29).
IIpusenem ypaBHEeHUsT KBAHTOBOH MEXaHWKHU IO OTHOIIE-
Huio K [ AB-KoMIIOHEHTaM BOJHOBOH (DYHKIIUU YE€PHBIX
JIETITHHO:

-H

i B 84+a

A
A

o1+

\I}O
\1,34
\11123
\1,124

O +a 1

\I}O
\1,34
\I/123
\1[124

_Imgc
21

Nom



iB(94\11124 —(aA81 +A62+a83)\11123

mgycC 0
= — ~\I/
5 @

—(aA81 + Ady + (183)\11124

_5.\1;34)7

—i B,V

_ Ingc 0 34
=57 (B-9" +a- 0, (30)
—iB84\I/34 —(aA81+A82+a83)\I!0
mgcC

=
—(aA61 + Ay —|—CL(93)\I/34

a- U g gl

i BOyw0

6. CrangapTHOe IIpeACTaBJI€HNE YPaBHEHUSA
KBAHTOBOW MEXaHUKMU /JIJIsl YE€PHBIX JIENITHUHO.

IIpeo6pasyem ypashenusi (30) ciremyomnmmM 06pasoM.

CHavaJta CJIOKHUM IIEPBOE YPABHEHUE CO BTOPBIM & TPEThE
¢ gerBepThIM. [losyanm

. miq c m
72B84X17(aA31+A82+a53)302:Tllsoﬁr 221 X2,
. mq C
1BOyx2 — (@ADL +ADs+ads) o1 = ll <P2+ l X17

(31)
rie p; = \I/O+\If34 "y = \P123+\I/124, X1 = \11123 7\:[,124

=00 ¥ m =mga, me =myf.
3areM BLIYTEM M3 YETBEPTOrO TPEThE, & U3 BTOPOrO

ypaBHeHUS niepsoe. llomyanm

mlc

iBa4<p1+(aA81+A62+CL83)X2 l X1+ l <P2a
7Z‘Ba4g02+(aA31+A82*(183)X1:*II;illCXQJF 21
(32)

Takum 06pasoM, cucreMa ypaBHEHUI JJTsi YePHBIX JIETITH-
HO He pa3JeJisgeTcs Ha IBe CUCTEMBbI, KOTOPbIe OTHOCHAJINCH
OBl K pa3HBIM YacTUIaM — BepxHeil u Hmkaeil. CremnoBa-
TEJILHO, YePHOE JICIITUHO IIPEJICTaBJICHO OAHOU JacTulei
C YeTBIPEXKOMIIOHEHTHOHN BOJIHOBOI (byHKIIHAEH.

V. BBIBO/IHI.

e [[BeTOBBIE PA3HOBUIHOCTH T'UIIOTETUIECKUX TACTHUIL,
CTaBATCA B COOTBETCTBHE II€PECTAHOBOYHBIM COOT-
HOIIIEHUSIM C y9acTreM 0a31CHOTO BEKTOPa BPEMEHU
U TeOMEeTPUYIECKUX OA3UCHBIX BEKTOPOB.

e B 1mpuHATOM MOHUMAHUH IBeTa KBAPKUHO HUMEIOT
TPH [[BETOBbIE PA3HOBUIHOCTU — KPACHBIE, YKeJIThIE,
cuHue. JIenTuHO MMEIOT JBe IBETOBbIE PA3HOBU/I-
HOCTHU — YepHBbIE U OeJibe.

8013
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e 113 asrebpamveckoit CTPYKTYPBHI BEKTOPOB JIeii-

CTBUsA THUIOTETUYECKUX YaCTHUI] CJICAYIOT KBaHTO-
BbI€ IIOCTYJIATHI U TCOPUS KBAHTOBBIX ABJICHUI 3TUX
qacturl. B obmiem ciaydae HET OCHOBaHUIT CINTATD,
YTO KBAHTOBbBIE fABJECHUA C ydaCTHUEM THUIIOTETUYe-
CKUX JACTHUIL ONIPeIesIioTcst octosiunoit [ lranka, a
He JApYyroil MOCTOAHHON BEJIMYNHON, uMeroleil pas-
MEPHOCTD JeNCTBUS.

CTpyKTypa KBAHTOBBIX yPABHEHUH JJIs CBOOOTHBIX
YepHBIX JICNITOHOB M CUHUX KBapKMHO TaKOBa, YTO
OHU Pa3IesISIOTCS Ha JIBE CUCTEMBI ypaBHeHuil. Ta-
KHM 00pa30M, Mbl IMEEM JIBE IaCTHUIIbI, OJIHA U3 KO-
TOPBIX 3TO BEPXHAS YaCTHUIA, & Apyrad — HAXKHAA
JacTHUla.

YpaBHeHUs I BEPXHUX U HUYKHUX YACTUIL OTIIU-
Hal0TCs HE TOJBKO MacCaMU YacCTHIl, HO U 3HAKOM
OJTHOU M3 KOMIIOHEHT OIIEPATOPa UMITY/Ibca. Taknm
00pa3oM, B OTJIMYHE OT JIEITOHOB, JBUKEHUE B IIPO-
CTPaHCTBE HUKHUX KBapKMHO OTJINYAETCS OT JIBU-
JKEHUsI BEPXHUX KBapPKHUHO.

CTpyKTypa KBAHTOBBIX yPABHEHUH JjIsi CBOOOIHBIX
YEpPHBIX JICNTOHOB M CHHUX KBAPKUHO TAKOBa, UTO
BOJIHOBbIE (DYHKIMM STHX YACTUI PA3IAEJIAI0TCA Ha
JIBE KOMITOHEHTHI — [IPaBYIO U JIEBYIO IIOJ0OHO TOMY
KaK 9TO MMeeT MeCTO JIJisl JIeTOHOB. Takoe pasie-
JIeHre HEeOOXOMMMO IS OMUCAHUA JIEKTPOCIAO0TO
B3aUMO/IENCTBHUS YKA3AHHBIX YaCTHUIL.



